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Abstract 

We study the Hawking radiation of 3D rotating hairy black holes. More concretely, 
we compute the transition probability of a bosonic and fermionic particle in such back¬ 
grounds. Thew, we show that the transition probability is independent of the nature of 
the particle. It is observed that the charge of the scalar hair B and the rotation parameter 
a control such a probability. 
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The study of (1 + 2) D-dimensional black holes provides a good understanding of low¬ 
dimensional gravity models and their related quantum field theories. The significance 
comes from the evaporation of the black hole considered as a consequence of Hawking 
radiation (l[ [2j '3] 0] 0 j6] [7i [8J HI . 

The (1 + 2)D hairy black holes and their thermodynamical properties are extensively 
investigated using different methods 1101 11111121 1311141 . More precisely, their statistical 
physics |fl5l and critical behavior have been studied by considering the cosmological 
constant as a thermodynamical pressure fl6l fT 7 . 18. 19;, 20, 21]. It is interesting to recall 
the connection between such 3D black holes and non-commutative geometry which can 
be found in 1221 123 1 and with the CFT correspondence as proposed in |241[ 25). 

The aim of this work is to contribute to this program by exploring the corresponding 
Hawking radiation. After an introduction of the rotating hairy (2 + 1)D black hole, we 
discuss the tunneling of the bosonic and fermionic particles from such black holes. Then, 
we show that the probability of the transition is independent of the the nature of the 
particle. 

To start, we reconsider the study of 3D-dimensional gravity with a non-minimally 
coupled scalar field. The black hole solution is dubbed hairy black hole in three dimen¬ 
sions. In the absence of the Maxwell gauge fields, the corresponding model is controlled 
by the following action [12] 


2 K = 


\j d3x V~S R-g^V^VvCp-ZRcp 2 -2V(<p) 


(1) 


where (p is the dynamical scalar field. For simplicity reason, we elaborate a particular 
situation where the coupling and the gravitational constants are fixed to £ = | and 
k — 8nG — 1 respectively. Within this assumption, the metric solution takes the following 
form 

ds 2 — -f(r)dt 2 + jijydr 2 + r 2 ( d9 + co(r)dt) 2 . (2) 

The functions / and w, describing such a black hole solution, read as 


f{r) = 3/3 + —y~ 


(3r + 2B)V 


r 

P 


(3) 


cv( r ) = 


(3r + 2B)a 


(4) 


where p is identified with — 41. In these equations, a denotes the rotating angular mo¬ 
mentum parameter. B is linked with the dynamical scalar field via the relation 


<P(r) = ± 



(5) 


For later use, an explicit form of the potential are needed. In the present study, we use 
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the potential V((j>) proposed in lfl~3l and given by 


V(<p) 


1 / a 2 (cp 6 - 40cp 4 + 6A0(p 2 - 4608) (p 10 6 //3 1\ 1024 \ 

512 y 54 _ 8 ) 5 +(P {W + e) + —)- 


( 6 ) 


Concretely, we discuss the Hawking radiation of the corresponding black solution. In¬ 
deed, we compute the probability transition of bosonic and fermerionic particles in such 
black hole backgrounds. 

Here, we deal with the emission of scalar particles from rotating hairy three dimen¬ 
sional black hole as tunneling phenomena across the event horizon. This can be done 
by solving the Klein-Gordon equation for the the scalar Y. This equation reads as which 
reads 

8TtyvV - ^Y = 0 (7) 

ft 

where }i and v take the values 0,1,2 for the coordinates t,r,9 respectively. The quantity 
m represents the mass of the particle. In what follows, we use WKB approximation and 
choose an ansatz of the form 


Y (t,r,<p) = gi hU,0)+ti(f,r,0)+c>(7i) 


Using 0, the exponential term and multiplying by ft 2 , we obtain 


g tt (d t I) 2 + g rr (d r I) 2 + g te (dtIdeI)+g ee M 2 + m 2 - 0. 


( 8 ) 


(9) 


where gl lv are the components of the metric 0. Exploring the symmetries of such black 
holes, df and ri ( j, are considered as the Killing fields. Thus, there exists a solution for this 
differential equation given in terms of the classical action I. The later can be written as 
follows 

I = Zt + W(r)+j6 + K, (10) 

where w and j represent the energy and angulaire momentum of the particle respectively. 
K is a constant which could be complex. Using the above expressions, we arrive to 


W'(r) = ±J-2- 

V grr 


„ee 
g . ;2 


Q-td ^ 

l 2 + — i 2 - — iC-\ - m : 

4 g ttJ V 


(ii) 


Substituting the value of the metric tensor, we obtain the following integral 


W±(r) =± j 


\J?o 2 - (^r - u 2 )j 2 + 2cu0' - f{r)m 2 


f(r ) 


dr. 


( 12 ) 


We observe a simple pole at r — r+. From the residue theory, dealing with semi circles. 
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the performed integration results in. 


= ±ro VP + (^(nW + 2a.(r + )g 

f'(r) 


(13) 


Therefore, this equation implies that 


ImW+ 


Z+ju>{r + )) 

f(r+) 

3nr\l 2 (£r+ — 2 aj ( B + r+)) 
f- (2 BMr 3 + - 3 a 2 (8 B + 9r+)) + 6 r% ' 


(14) 

(15) 


It is recalled that the Hawking radiation can be viewed as a process of quantum tunnel¬ 
ing of particles from the black hole horizon. From this point of view, we compute the 
imaginary part of the classical action for this classically forbidden process of emission 
across the horizon. In this semi-classical approach, the probabilities of the crossing the 
horizon from inside to outside and from outside to inside, reads as ESEzl 


Pemission « exp 1ml ^ = exp + ImK . (16) 

Pabsorption a exp (-^Imlj = exp f (ImW- + ImK) j . (17) 


It is known that any outside particle will certainly fall into the black hole. Thus, we 
should take ImK = —ImW-. Using dT3b . we also have W + — —W . This indicates that 
the probability of a particle tunneling from inside to outside the horizon is 


T = exp 


ImW+ 

h 


(18) 


A priori there are many ways, including the first thermodynamical law, to get the tunnel¬ 
ing probability of scalar field. However we remark, from (14), that ImW+ is related to the 
temperature hidden in the f (r+) expression. Using Boltzmann factor and substituting 
(fT4b into (fTHt . we get the desired formula. 


T = exp 


127rr^ 2 (l,r\ — 2aj ( B + r+)) 
n (e 2 (2 BMr 3 + - 3 a 2 (8 B + 9r+)) + 6 r%) 


(19) 


This quantity represents the tunneling probability of scalar particle from inside to out¬ 
side the event horizon of rotating hairy black hole. Comparing this equation with T = 
exp(—j Bco), which is Boltzmann factor for particle of energy lo where j6 is the inverse of 
the temperature of the horizon [ 26ll27l , it is possible to derive the Hawking temperature. 
Notice that one can also compute the Hawking temperature directly from the equation. 


Th 


f'( r +) i 

~^r lr=r+ - 


( 20 ) 
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and it is easy to cheek that 


T h 


3 (4 a 2 B 2 f + 12 a 2 Br£ 2 + 9a 2 r 2 £ 2 + r 6 ) 
r 3 £ 2 (2B + 3r) 


( 21 ) 


Besides, similar form to (l2lTl can be obtained from the entropy using the first law of the 
thermodynamics. 

It is interesting to note here that we can also recover the formula given in flOl . Fur¬ 
thermore, for B = 0 the result of Il28l is easily reproduced. 

Having discussed the bosonic equations, we move now discuss the fermionic particles. 
In this case, we compute Hawking radiation from rotating three dimensional hairy black 
hole. Precisely, we consider the two component massive spinor field Y, with mass m, 
verifying the following Dirac equation 


ift7*e£V,,Y - mY = 0. (22) 

V is the spinor covariance derivative given by + 0 /( , with 

n, ( - (23) 

^ = ^[7*, 7^/ fV = (24) 

The 7 matrices, in three space-time dimensions, take the following form 

y a = {-iu 1 , u Q , a 1 ) (25) 


where cr l are the Pauli sigma matrices, and where e„ are the vielbein fields. Choosing the 
curved space y 1 ' matrices as 


7 


t 


0 


Vf 



7 


o Vf\ 
Vf o )' 


7 


I 8a; \ 

L f ) m 

v> 7 / 


satisfying the condition { 7 “, 7 1 '} = g ,tv 1 , where 1 is the identity matrix, the equation of 
motion reads as 


i (7% + 7 r 3r + 7%) Y - |Y = 0. 


(27) 


For a fermionic particle with spin 1 /2, we have two states namely spin-up (^) and spin- 
down (J,). Thus, we can use the following ansatz for the solution 





X(f,r,0) 

0 

0 

Y(t,r,0) 



(28) 

eihW) 

(29) 
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where Y-j- denotes the wave function of the spin-up particle and Y^ is for the spin-down 
case. Inserting equation (f28l> for the spin-up particle into the Dirac equation d27l) . then 
dividing by exponential term and multiplying by ti, we get the following equation 

X 

'77 

Notice here that the separation of variables for the spin-up case can be used to pro¬ 
duce Killing vectors (§}') an d (jk'j - To handle the above equation, we should express 
f|(f, r,0) as 

I t (f, r, 9) = -Z,t + W(r) + 0(0) + K = -£t + W(r) + jO + K (31) 


B t f t (f,r / 0) - y/f d r If(t,r,9) + —^=d d I^(t,r,9) — 0. 

V/ 


(30) 


where £ and j are the energy and the angular momentum of the emitted particle respec¬ 
tively. K is a complex constant. Using the expression in the above equation, we obtain 


X 

77 


Z-yffXd r W--^=dg& = 0 


Putting the equation (f3Tb in (f32t , we get 


77 


y/fXd r W-i 


(V 

77 


= o 


(32) 


(33) 


where 

d r W = j(C-ja>) (34) 

For spin-down particle, the phase I\ and its r-dependence can be obtained using similar 
method and steps. More precisely, we get expressions similar to those shown in equations 
<f3lb and (l34l) . Using d34l l. we obtain 

/ (jy 

j(Z-jv). (35) 


Then, we integrate along a semi circle around the pole at =0. At the horizon of the 
black hole, the radial function is then given by 

w = 3nr l £2 {£r 3 + -2aj(B + r + )) 

(. 2 (2BMr\-?>a 2 {8B + 9r + ))+6r%~ V 

Similar calculation shows that tunneling probability takes the form dTsb 


F = exp 


\2nr\f- (^r^_ — 2 aj (B + r+)) 

Ti (l 2 (2 BMr 3 + - 3 a 2 (8 B + 9r+)) + 6 r%) 


(37) 


Remarkably we find the same expression as the one obtained by solving the Klein-Gordon 
equation. It is recalled that similar steps to those in the bosonic case have also been used. 
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Again note that if we set B — 0, we recover the result found in l28l . 

In this work, we have studied the Hawking radiation of 3D rotating hairy black holes. 
In particular, we have computed the transition probability of bosonic and fermionic par¬ 
ticles in such backgrounds. Then, we have shown that the transition probability is in¬ 
dependent of the nature of the particle. It should be interesting to extend this work to 
higher dimensional cases. 
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